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"microscopic" approach hasbeeh found to lead to severe mathematical difficulties and has been restricted to extremely simple geometries.' The second method ignores the detailed structure of the porous electrode and, rather, treats the porous electrode as a pseudo-homogeneous region in which there is transfer of current between electronic and ionic modes of conduction according to basic laws of transport phenomena and electrode kinetics. This . . "macroscopic" approach has been applied to electrode behavior in the initial state without concentration gradients (4" 5, 6, 7, 8, 9, 10) , during the mass transfer tra:r:-sients (11), and in the steady state where concentration gradients are fully established (11, 12, 13) . As more sophisticated models were examined, the solution of the equations was found to be more conveniently carried out by numerical methods implemented by high-speed digital computers (11).
To date, no theoretical analysis has been reported which takes into consideration the variation of electrode structure with extent of reaction. The macroscopic theory presented here examines the behavior of porous metal electrodes that are undergoing dissolution by anodic reaction and predicts the external electrode polarization and the electrode porosity distribution as a function of the extent of reaction.
The operation of battery systems involves other effects beyond those considered in the theoretical model used in this work. Typically, sparingly soluble salts take part in the reactions during cycling. These salts may be insulators or semiconductors and hence may greatly affect the, potential disr , t r i b u t i o n within the electrode. There ~may be composition gradients in the solid phase (fo'r instance Ag/Ag 2 0/AgO) and, furthermore, electronic transport in the solid phase may be important (as ,in Pb electrodes which have high ohmic resistance). Also, reactions may be locally nonuniform, and ge'ometrical effects -4-
of crystal growth may be involved., Nevertheless, the theoretical model presented below represents an advance Telative to existing treatments in the literature and should be useful in leading to some insight into more complex systems.
Model Formulation
The mathematical model for a dissolving porous anode is based on consideration of a porous metal plate whose accessible void spaces are completely filled with an aqueous electrolyte. On one side of the porous plate the pores are blocked (or a center of symrnet~y exists), and the other side (the face) is in contact with the electrolytic solution,which also fills the pores. There is no forced flow of solution through the pores. A second (counter) electrode is also in the solution but is of no concern in this model and serves only to complete the electrochemical circuit. With passage of anodic current through the porous electrode, the metal dissolves with formation of a soluble salt.
The local rate of anodic dissolution varies from place to place within the porous electrode because the various positions are not equally accessible to the current and the reacting species transported in the electrolyte. The distribution of the reaction depends upon the mass transfer, kinetic and geometric characteristics of the particular system.
1
When anodic current is switched on, two major changes begin to take place.
Because of the removal of dissolved product species from the pore is transport controlled, as is also the passage of current and movement of nonreacting ions in ,the electrolyte, the potential and concentrations of species in the solution lDuring the first few milliseconds the electrical double layer becomes established. We shall not be concerned with the electrode behavior during this brief period of double layer charging.
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within the pores change from the initially uniform values and become more'or less unevenly distributed throughout the pores. Typically this mass transfer transient process is completed within a period of ten seconds to an hour, dep:~nding upon the system (11) . Secondly, and simultaneously, the geometry of
• the porous metal matrix changes owing to its dissolution by anodic reaction.
As the nature of the electrode structure thus changes, the potential and concentration distributions also change, and these changes continue to take place as long as current is passed.
When anodic current thus passes through the porous metal electrode, the current in the metal is carried by electrons and the currertt in the solution is carried by the ions. The conversion from the electronically to the ionically
conductlng phase takes place throughout the porous electrode by virtue of ',the electrochemical reaction. If the local concentrations and potentials are knovlD in both phases, the local reaction rate may be calculated, in principle, by a relation whit!h suitably describes the kinetics of the electrode process.
In turn, the local concentrations and potentials may be obtained by' solving the equations of transport in each phase. Thus the local reaction rate may be determined throughout the electrode.
During the first moments of operation, the reat!tion distribution changes principally because of the production of ionic reaction products whose removal in the solution phase from the porous electrode is transport restr,icted. Along with this mass transfer transient process, the reaction distribution changes '~ at some other rate owing mainly to the changes in structure caused by dissolution. The characterlstic times of these two effects are usually different, the former being much faster. ,Consequently, after the mass transfer transient has been essentially completed, the reaction distribution continues to change, -6-
and it becomes a very good approximation to determine the rate of change solely from the effects of the structural dissolution. This is the pseudosteady state approximation that will be invokeq in the present theory.
The equations describing electrode behavior arise from transport relations and electrode kinetic expressions. In definition of the model it is necessary to introduce a number of simplifying assu!l1ptions to facilitate the required calculations:
1) The one-dimensional macroscopic approach is applicablej pore dimensions are assumed to be small with respect to distances over which significant changes take place within the electrode.
2) The electrode operation under consideration takes place in the pseudosteady state. Behavior during the mass-transfer transient is ignored.
3) The electrical double 'layer can be disregarded. The pore dimensions are large compared to those of the double layer, and the time variations are slow compared to the rate of establishment of the double layer.
4) The motion of solute species in the electrolytic solution is adequately described by the equations of dilute solution theory. The transport parameters are constant, and hydrodynamic flow in the pores is due only to the net change of electrode and electrolyte volu.rlle with the extent of reaction. The density of the electrolytic solution is constant throughout the pores, and the metallic electrode structure is isopotential.
5) The only electrochemical reaction is the anodic dissolution of the metal electrod~to form ions having a single charge number, and the kinetic behavior of the reaction is adequately characterized by an expression of the Volmer form (14).
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6) There are no insoluble substances within the pores.
7) The pores are circular cylinders which all have the same size at the onset of dissolution.
8)
Mass transfer resistances external to the porous electrode can be disregarded.
9) The system is isothermal.
The analysis of electrochemical systems by the equations of transport as delineated, for instance, by Levich (15) and by Newman (16), has been ~.pplied
to the formulation of a macroscopic porous electrode model by Grens and Tobias
. (11) . It is here extended to account for the changes in matrix properties
.accompanying anodic dissolution of the matrix. Under the conditions described above, the conservation of solute species in the pseudo-steady state is (1 )
In this equation the left hand side represents the amount of species i associated with changes in pore volume while the terms on the right hand side are the divergence of the species flow (flux times local pore cross section) and the reaction source, respectively. For non-reacting species, the only net movement is that which must take place in order to fill the void volume created by the dissolving metallic phase. The time rate of change of the pore cross-sectional area may be related to the convecti ve velocity by use of the relation for conservation of mass in the pores which, in the pseudo-steady state, is
The spatial coordinate, y, is taken to be zero at the back of the porous electrode and has the value of +d at the mouth of the pores (face of the porous . layer). The flux of solute species in the one dimensional electrolytic solution is given by the dilute solution expression N.
For the electrode reaction ;ihich occurs in the pores, with the dissolved metal ion being designated species l~ ,
the pseudo-homogeneous species source term is , where j is the local reaction (transfer) current density. Other source terms are absent. The transfer current density is in turn related to local con-, centrations and potential by the kinetic expression associated with the dissolution reaction, here the Volmer form
The pseudo-homogeneous mass source term for the pore space is m P-
. . ". 
A conservation equation is written for each of the solute species 1. These equations, along with the electroneutrality approximation, ~).c.
are sufficient in number for the calculation of the concentrations and the potential, provided.that the pore area, pore perimeter and convective velocity have been specified. For the system considered here, these are determined by the effect of local reaction on the solid matrix.
With the assumption that t!~e pores are circular cylinders, the radius will change at a rate proportional to the local reaction rate according to At the entrance of the pores, the concentration of each solute species is equal to its value in the external electrolytic solution,
' .... '
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The current density in the electrolYte at the mouth of the pores is defined as the SQm of the individual ionic fluxes according to In many instances, the integral term will be negligibly small with respect to the sum of the other two terms and thus may be deleted from consideration.
This was the case in the system for which nQmerical results were obtained for this paper. The mathematica.l model described above has extended previous treatments by accounting for two phenomena which take place during electrolytic dissolution:
the change in specific surface area, and the convective motion arising from volumetric changes.
Solution of Equations
The solution of the set of equations and boundary conditions which describe the porous electrode model was carried out by a computer-implemented numerical technique. In principle, the calculation was accomplished in a stepwise manner, with use of finite difference methods for solution of the differential equations at each step. First, the conservation and electroneutrality equations, (17) and (18) 
Results and Discussion
The theoretical model developed above was used for generating predictions regarding the behavior of one porous electrode system. Ultimately it is intended that these model predictions be compared with the results of dissolu~ion experiment s that have been undertaken in a re la ted proj ect (18) . Consequently th~ dissolution of porous copper anodes in acidified copper sulfate has been examined. For the moment, consider the state which exists after the mass transfer transient has decayed but before significant dissolution has taken place. hinder the anodic reaction. Consequently, at the same value of absolute potential, the cathodic reaction will be less uniformly distributed through the electrode. This tendency for the cathodic reaction to be less uniformly distributed carries over into the region of low anodic current where the cathodic back-reaction still occurs to an appreciable extent. Thus the most uniform reaction distribution is shifted into the anodic range of potentials.
2 .
Hence for applied potentials more anodic than 3.0 it is not easy to designate \vhieh l'eaction distribution is most uniform, and arbitrary criteria must be used. Fig. 2 ) and that the decrease in potential sets in earlier for the higher currents.
For the system at hand the theoretical model predicts that the uniformity of the reaction distribution near the pore entrance passes through a maximum at anodic potentials because of the mass transfer limitation of the back reaction as discussed above. Since the porosity distribution is equiva.lent to the time average current distribution, the IImost uniform ll final porosity distribution will correspond to a particular anodic current. Currents different from this particular one should lead to porosity distributions which are more nonuniform near the pore entrance. Final porosity distributions are given in . Fig. 3 for several applied current densities. The total amount of charge passed is the same for all curves, and thus it may be seen that the model 3Although the figure does not illustrate it, one may realize that for the same applied current density, the more rapid reactions, having higher values of ~, suffer lesser polarization. For the slow reactions, charge transfer overpotential near the pore entrance forces the current deeper into the pore so tha.t the reaction 1.S more uniformly distributed at the expense of higher overpotentiaL
predicts the most nonuniform reacti?n distribution at the lowest applied current density (13=18.5). As the applied current density is increased and the duration of electrolysis is decreased, the predicted final porosity distribution becomes more uniform. As the applied current density is increased still further, above 13 = 148, the porosity distribution near the entrance again begins to become nonuniform.
As dissolution proceeds, the current distribution becomes more uniform since the increased porosity facilitates penetration of current into the pores.
Therefore the effect of porosity variation is to render the time average current distribution more uniform than the steady state distribution at uniform ( initial) porosity .. Also, for the system under study, the induced convection due to volUmetric changes upon dissolution tends to make the current distribution more uniform although, for this system, the current distribution is affected by less than 1% over the range of parameters presented here. It is possible that the pseudo-steady state approxima.tion would not be valid for cases where the induced convection was really significant. Although the current distribution thus changes as dissolution proceeds, if the change is bnly slight, the final porosity distribution may be estimated. from the current distribution prevailing at the initial steady state conditions. When the final porosity distribution calculated by the pseudo':'steady state model (Fig. 3) -23-UCRL-18757 .:.c:
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